We use high-frequency data from the Nasdaq exchange to build a measure of volume imbalance in the limit order book (LOB). We show that our measure is a good predictor of the sign of the next market order (MO), i.e. buy or sell, and also helps to predict price changes immediately after the arrival of an MO. Based on these empirical findings, we introduce and calibrate a Markov chain modulated pure jump model of price, spread, LO and MO arrivals, and volume imbalance. As an application of the model, we pose and solve a stochastic control problem for an agent who maximizes terminal wealth, subject to inventory penalties, by executing trades using LOs. We use in-sample-data (January to June 2014) to calibrate the model to eleven equities traded in the Nasdaq exchange, and use out-of-sample data (July to December 2014) to test the performance of the strategy. We show that introducing our volume imbalance measure into the optimization problem considerably boosts the profits of the strategy. Profits increase because employing our imbalance measure reduces adverse selection costs and positions LOs in the book to take advantage of favorable price movements. Further, let y i1 J , . . . , y iN i J J be all the midprice changes that occur following an event of type i from state J . Then l (J ) = N l J k=1 y lk J − N l J k=1 y lk J N l J + N l J , andˆ ± (J ) = N ± J k=1 y ±k J + N ∓ J k=1 y ∓k J N ± J + N ∓ J .
Introduction
The rise in computer power and the dominance of electronic exchanges have paved the way to a surge in computerized trading algorithms. These algorithms are programmed to trade in and out of positions and to handle different types of exposures such as inventory risk and adverse selection costs. The development of many trading algorithms starts with a preconceived strategy which is framed as an optimization problem, and then its implementation is handled by computers. This approach has given way to a vast range of algorithms. These are tailored to different objectives and employed in different trading environments and markets, but common to all is that their performance depends on one of the most basic building blocks in any trading strategy: how are orders scheduled, i.e. how much and when to trade, and what order type should be employed.
How an algorithm determines the timing and type of order to execute a trade depends on what the model predicts about price movements and what type of orders other agents are sending to the market. In order driven markets, the main order types are limit orders (LOs) and market orders (MOs). Agents' LOs show an intention to buy or sell an amount of the asset at a displayed price, and these rest in the limit order book (LOB) until they are filled by an incoming MO or are cancelled by the agent who posted it. MOs, on the other hand, are sent to the market and immediately executed against the LOs resting in the book.
In this paper we use Nasdaq data to show how to employ LOB information in trading algorithms. We use the volume posted on both sides of the LOB for a number of stocks to build a measure of volume imbalance which proxies buying and selling pressures in the market. We show that our measure of imbalance acts as a strong predictor of the rate of incoming MOs as well as the direction and magnitude of price movements following an MO. Given the arrival of an MO when volume imbalance is buy-heavy (sell-heavy), there is a high probability that this MO is a buy (sell) order. Furthermore, immediately following a buy (sell) MO, the magnitude and sign of the midprice is large and positive (negative) when volume imbalance is buy-heavy (sell-heavy).
The ability to form accurate predictions of trade types and price changes is valuable information that an agent can use to optimize her trading strategy. In general, incorporating volume imbalance in algorithmic trading models will improve the performance of strategies. Using signals from the LOB helps to execute directional trades using MOs, and tilt the resting orders in the LOB, to take advantage of favorable price movements and to reduce adverse selection costs.
Furthermore, we use Nasdaq data to analyze the size of MOs relative to the volume posted at the best bid and ask, and to analyze the financial performance of market making strategies that only post at the best bid and ask. First, we find that depending on the specific equity, between 91.6% and 99.9% of all MOs are filled with the volume posted only at the best price. This means that LOs posted in the book deeper than the best price have less than 0.1% to 8.4% chance of being executed by any given MO. Second, we show that market making strategies that attempt at earning the spread by always placing two-sided LOs at the best quotes suffer greatly from adverse selection to the point where compensation of the spread does not allow positive expected profits.
These two findings shed light into the potential performance of the market making models that decide how deep LOs are posted in the LOB. For large tick stocks, those which regularly trade with a bid-ask spread of one tick, most market making models proposed in the literature result in strategies that mimic a market maker who is always posting at-the-touch, this includes strategies that control exposure to inventory risk, see e.g. Avellaneda and Stoikov (2008) , Guéant et al. (2012) , Fodra and Labadie (2012) , Cartea and Jaimungal (2015) , and Cartea et al. (2017) . Strategies that optimize expected profits by choosing optimal depths require a level of granularity which is often too fine relative to the tick size of the stock. In this case it is clear that to implement the market making strategy the optimal depths must be rounded to the nearest tick which means that postings are at the best bid or best ask, or at least one tick into the book. However, postings deeper than the best quote are hardly ever filled so these strategies perform very close to one that is always posting at the best quotes, and as we show they are very likely to generate losses.
Our work is related to the microstructure and algorithmic trading literature that studies the information conveyed by the LOB and order flow (i.e. MO activity). The early empirical study of Biais et al. (1995) analyzes the dynamics of the LOB and MOs using French data, and the theoretical work of Foucault (1999) presents a model of price formation and order placement decisions in the LOB. More recently, with access to better quality data, Cont et al. (2013) employ trade and quote data from Nasdaq to perform a statistical study of the price impact of order book events. They show that price changes are driven by order flow imbalances. The impact of volume imbalance on price changes and trade arrivals is also studied in Lipton et al. (2013) , and they develop a model for the joint dynamics of the length of the best bid and ask queue and the arrival of MOs. In Huang et al. (2015) , the full LOB is modelled as a Markov queuing system where interactions on the dynamics at several price levels are possible. They propose their model as a market simulation tool to test the performance of trading algorithms.
In the context of algorithmic trading, Stoikov and Waeber (2012) consider an asset liquidation problem where they employ LOB information to construct a measure of the instantaneous supply and demand imbalance in the market. More recently, Bechler and Ludkovski (2015) employ order flow information to develop optimal execution models that take into account market impact and informational costs. Finally, Cartea and Jaimungal (2016a) and Cartea and Jaimungal (2016b) employ ultra-high frequency data to show that there is a positive relation between net order flow, defined as the difference between the volume of buy and sell MOs, and prices of stocks and show how to develop trading algorithms to target VWAP and execute a large number of shares.
The rest of this paper is structured as follows. In Section 2 we introduce our measure of volume imbalance. We investigate the performance of a simple market making strategy using data from Nasdaq, the results of which provide strong motivation for modifying the strategy based on the volume imbalance process. In Section 3 we introduce a dynamic LOB model which reflects the relationship between the volume imbalance process quantities such as arrival and size of MOs, and midprice dynamics. We also propose and solve a trading problem using techniques of stochastic optimal control and provide a verification proof. In Section 4 we examine the performance of the investment strategy on the Nasdaq Exchange. Section 5 concludes, and the appendices contain proofs and parameter estimates used in the paper.
Volume Imbalance: Order Arrival and Price Revisions
In this section we introduce and discuss aspects of our measure of volume imbalance. This measure is simple to calculate and easy to incorporate in any algorithmic trading strategy. In this paper we focus on equities that are traded in order driven markets (so the LOB is visible), but in principle, measures based on quantities that show buying and selling pressure can be incorporated into algorithms in a similar way to the trading algorithm that we frame as a stochastic control problem in Section 3. We define volume imbalance at time t as
where V b t and V a t are the volumes at time t of LOs posted at the best bid and best ask respectively. Clearly, when ρ t is close to 1 there is strong buying pressure and when it is close to −1 there is strong selling pressure.
Volume imbalance is a key quantity because it summarizes agents' willingness to buy or sell assets. This information can be used to predict the arrival and direction of MOs, and help to predict the sign and magnitude of price changes -we return to this point in Subsection 2.2. Before discussing in more detail the attributes and statistical properties of this quantity, we first illustrate how an investment strategy performs in the absence of any measure that accounts for buying and selling pressure.
An example of trading strategy
A traditional investment strategy is to post on both sides of the LOB with the objective of making roundtrip trades and earning the quoted difference between the LOs. A simple version of this strategy is that of a market maker who is always posted at the best bid and best ask. In this section, we test this strategy for two Nasdaq equities during the period July to December 2014: Intel Corporation (INTC) and Oracle Corporation (ORCL). These stocks exhibit behavior in which the spread, i.e. difference between best offer and best bid, is equal to one cent for a significant portion of the trading day. In Table 2 we report the results for nine other Nasdaq stocks.
We begin by studying the performance of a zero-intelligence strategy that posts LOs at the best bid and ask in an attempt to earn the spread on roundtrip trades. We backtest this strategy on historical data under two scenarios which differ in the volume of the agent's LOs.
• Scenario 1. The agent imposes an inventory constraint such that inventory q always satisfies |q| ≤ Q. If q = −Q (q = Q), every market buy (sell) order changes the agent's inventory position by −1 (+1), and her wealth increases (decreases) by an amount equal to the best ask (bid) price. At the end of the trading period, any remaining inventory of the agent is liquidated (a) using an MO which is filled at the reigning best bid or ask price, (b) at the midprice.
• Scenario 2. As above, the agent imposes the constraint |q| ≤ Q. When a market buy (sell) order arrives, the agent's inventory position decreases (increases) by min{V, Q + q} (min{V, Q − q}), where V is the volume of the MO, and her wealth increases (decreases) by the traded volume multiplied by the best ask (bid) price. At the end of the trading period, any inventory of the agent is liquidated (a) using an MO which is filled at the reigning best bid or ask price, (b) at the midprice.
The difference between the scenarios is that in Scenario 1 the LOs are for one unit of the asset and in Scenario 2 the LOs are for a number of shares large enough to meet the full volume of the incoming MO. We explore two methods of liquidating inventory at the end of the period in order to eliminate the effect of crossing the spread on the performance of the strategy. Moreover, in both scenarios we assume that each trading period is 30 minutes long, but we exclude the first and last trading period in each day. We conduct these tests on each trading day from June to December, 2014, so there are 125 days, each with 11 trading periods during the day. Figure 1 : Performance of best bid/ask LO strategy under Scenario 1. Each point represents a different value of Q. The leftmost point on each curve corresponds to Q = 1 with unit increments to Q = 10. Increments then increase by 10 up to Q = 200. Type a crosses the spread with an MO to liquidate whereas type b) is allowed to liquidate at the midprice.
The left panel of Figure 1 shows the annualized mean and standard deviation of the zerointelligence strategy under Scenario 1. The leftmost point on each curve corresponds to Q = 1 with unit increments to Q = 10. Increments then increase by 10 up to Q = 200. The right panel shows the Sharpe ratio for a range of values of the inventory constraint. The results for Scenario 2 are shown in Figure 2 . Here the values of Q are scaled by a factor of 100 from those of Scenario 1 so the total range is 100 to 20000. The much larger magnitude of earnings under Scenario 2 are due to larger individual trade sizes.
Clearly, the expected earnings of the zero-intelligence strategy are negative under both scenarios. Any agent who provides liquidity to the market in this naive way will be driven out of business due to the strategy's exposure to severe adverse selection costs. These losses are not solely due to liquidating large inventory by crossing the spread at the end of the period. The losses persist even if the agent is allowed to liquidate at the midprice.
An attempt to alleviate adverse selection costs is to post LOs deeper in the LOB, hoping that MOs walk beyond the best quote to fill these LOs. However, this adjustment will have a negligible effect on the expected profits because LOs resting at worse prices than the best quotes are unlikely to be filled. Consider the size of an MO relative to the volume at the best bid or offer. In Table 1 , we show the number of market buy and sell orders that only touch the best quotes in the LOB, and the number that touch LOs beyond the best quote. It is clear that a disproportionate number of MOs only involve LOs at the best quotes -for these two stocks, approximately 0.1% of the MOs are large enough to walk beyond the best quote.
Although the strategy employed by the market maker is extremely simple, many of the market making and investments strategies in the extant literature exhibit a very similar behavior to the one discussed here for large tick stocks, see for instance Avellaneda and Stoikov (2008) , Guéant et al. (2012) , Fodra and Labadie (2012) , Cartea and Jaimungal (2015) , and Cartea et al. (2017) -large tick stocks are those that generally trade with a bid-ask spread of one tick. The trading strategies developed in these papers use a continuous control variable for the price at which the trader or market maker posts LOs. These optimal depths are the output of a stochastic optimal control problem where the main driver to adjust the depth is inventory position and end of trading horizon. When the strategies are implemented, the optimal depths must be rounded to the nearest tick size, but with the market behavior demonstrated in Table 1 a continuous control price seems unreasonable (see also Table B .8 in the appendix for similar data on other stocks). The effect of this mismatch between a continuous control, and the grid on which asset prices move in exchanges, is more pronounced for large tick stocks because the probability of an MO walking beyond the best quote is essentially zero. When the continuous controls are rounded to an appropriate multiple of the tick size, either all of the values are rounded to the best quote, or they are rounded to a tick which has very little activity in the market. Thus, if the posting strategy based on continuous controls is inventory based, then the resulting strategy essentially becomes one of always posting at the best bid and ask, with an inventory constraint -as the scenarios tested above. On the other hand, models that are not purely inventory based, for instance Cartea et al. (2014) , the strategy is modified based on the observation of recent order flow, so rounding the optimal strategy to the nearest tick results in a strategy that posts sometimes at the touch, but also sometimes deeper in the book, and imposes an inventory constraint. 
is the probability that an MO has smaller volume than all limit orders posted at the best price, and hence only engages the best quote. 
Volume imbalance in order driven equity markets
The zero-intelligence strategy described above, as well as those that behave in an essentially identical manner, are a few examples of algorithms whose performance can be enhanced if volume imbalance is employed. In general, if a strategy employs additional information which predicts trade arrivals and price movements then it is able to protect itself from adverse selection costs and take advantage of price movements.
To show the predictive power of our volume imbalance measure we first divide the imbalance measure interval [−1, 1] into three subintervals, referred to as buy-heavy when ρ t ∈ 1 3 , 1 , sell-heavy when ρ t ∈ −1, − 1 3 , and neutral when ρ t ∈ − 1 3 , 1 3 . Figure  3 shows that depending on which subinterval imbalance ρ t lies in, the type of incoming MO, buy or sell, can be established with high accuracy.
Furthermore, the empirical distribution of the midprice change following an MO varies depending on which subinterval was occupied at the time of the MO. In panels (a) and (b) of Figure 4 we show this empirical distribution conditioned on imbalance regime. In this figure, a time lag of 10 ms is used between the arrival of the MO and the calculation of the price change. The positive (negative) bias of price changes after an MO in a buyheavy (sell-heavy) regime is not simply due to the fact that it is much more likely to observe a market buy (sell) order in that regime. If we compute the price change when only observing market buy orders, we obtain the distribution shown in panels (c) and (d) of Figure 4 . These two figures lend support to the idea that the direction of the price change after a market buy order is most of the time positive (see for example ?), and the magnitude of the change has a clear dependence on the level of volume imbalance.
We choose a 10 ms window between MOs and price changes because LO activity increases immediately following an MO to such a large magnitude that this increase in activity can be thought of as having been caused by the MO -the results in the paper are not altered if the window is chosen to be up to 100 ms. We note that our statistical results do not provide conclusive evidence on the causality between MO and LO activity. However, the framework we develop here does not require a deeper understanding of causality, it suffices to observe that LO activity is greatest right after the arrival of MOs.
To highlight this increased LO activity post MO activity, panels (a) and (b) of Figure  5 shows the proportion of three types of LO events that occur after MO arrivals. The horizontal axis is the time window immediately after the MO event and the vertical axis is proportion of all LO events accounted for in this time window. The three types of LO events counted in the figure are:
• Type 1: placed or cancelled.
• Type 2: placed or cancelled at a price equal to or better than the current best bid or ask.
• Type 3: placed or cancelled and causes the midprice to change.
The difference between a Type 2 order and a Type 3 order is that a Type 2 order does not necessarily have to change the midprice of the asset. If a limit buy order is placed at the best bid, or if an existing order a the best bid is cancelled (but other orders still remain at that price), then this would be a Type 2 order but not a Type 3 order. The inclusions Type 3 ⊂ Type 2 ⊂ Type 1 hold. Figure 5 shows the proportion of the trading day accounted for immediately following MO arrivals. The calculation of these proportions are performed as follows: let [0, T ] be the time interval of interest, panel (c) is all of January 2014 with the first and last 30 minutes of each day removed (we assume it is one connected interval by concatenating trading hours together so that T = 415800 seconds). Let {t k } N k=1 be the sequence of times when MOs occur, and let {τ i k } N i k=1 be the sequence of times when LO events of type i occur. Let ∆t > 0 represent the lag time after an MO for which its effect on LO activity may be significant. For each value of the lag, ∆t, define the union of time intervals I ∆t = ∪ N k=1 [t k , t k +∆t). The quantity I ∆t represents the amount of time in [0, T ] that takes place less than ∆t after an MO. Finally, define
Panel (c) in
. This quantity represents the number of LO events of type i which occur within ∆t after an MO. Panels (a) and (b) plot P i ∆t /N i as a function of ∆t for each type of LO event, and panel (c) plots m(I ∆t )/T as a function of ∆t for the two equities of interest, where m is the Lebesgue measure.
As Figure 5 shows, a disproportionate amount of all LO activity occurs shortly following an MO. To put in perspective the significance of the disproportion, note that less than 0.5% of the trading day is accounted for in the short time (50 ms) following all MOs. However, between approximately 40% and 90% of all LO activity (whether defined by type 1, 2 or 3) is accounted for in the same time period.
The combination of using a time lag of 10 ms in computing midprice changes and the behavior shown in Figures 4 produces a notable feature in the distribution of price changes. Most of the mass in these distributions occurs at the 0 and ±1 tick levels, with less probability of observing a ±0.5 tick movement. Consider the scenario when the spread is one tick and an incoming MO fills the full volume at the best quote. Soon after, there are three possible events: i) no new LOs are added within the new spread, ii) an LO is added within the new spread to replenish the order that was filled, or iii) an LO is added within the new spread, but on the other side of the book. If the original MO is a buy (sell), the midprice change in each scenario is i) 0.5 (−0.5) ticks, ii) 0 ticks, or iii) 1 (−1) tick, respectively. The drastic increase in LO activity immediately following an MO along with the fact that INTC and ORCL are large tick stocks explains why scenario i) is much more rare than scenarios ii) or iii).
The above empirical results clearly show that volume imbalance conveys important information about arrival rate of MOs and the distribution of prices. Here we have examined a simple way to summarize LOB information on buying and selling pressure, but depending on the particular asset, or how agents post intentions to sell or buy using passive orders in other types of markets, it might be useful to synthesize volume imbalance information in a different way.
Moreover, regardless of the way in which buying and selling pressure is synthesized, trading algorithms could be considerably improved if this information is included. For example, in market making algorithms, or those where the investor aims at profiting from roundtrip trades, it is clear that basing her trading on volume imbalance protects the strategy from adverse selection costs and increases expected profits as a result of better inventory management and by tilting the LOs to take advantage of expected moves in prices.
Trading Algorithm with Volume Imbalance Information
In this section we develop a trading algorithm where the objective is to maximize profits by posting LOs to make roundtrip trades. While the LOB dynamics we propose are appropriate over a wide range of equities, we tailor the control processes to large tick stocks and assume that LOs are posted only at the best bid and/or the best offer -for small tick stocks the strategy needs to be adjusted so that it is possible to post LOs within the spread. In Subsection 3.1 we present model ingredients such as the dynamics for: MOs, midprice, and volume imbalance. In Subsection 3.2 we present and solve the investor's investment problem. In Subsection 3.4 we discuss the optimal trading strategy. Finally, we devote Section 4 to discussing the performance of the trading algorithm using market data for INTC and ORCL.
Market orders, midprice dynamics, volume imbalance
We work with a complete filtered probability space (Ω, F, P). Let E = R + × R 3 , E be the Borel sets of E, and µ l , µ + , and µ − be three doubly stochastic Poisson random measures (PRMs) on (E, E) with compensators ν l , ν + , and ν − . More details on their structure are outlined in subsection 3.1.1. Below we describe how the components of the LOB, including LOs, MOs, midprice, and spread evolve.
The PRMs count events in the book due to LO activity (corresponding to µ l ) and MO activity (corresponding to µ ± ), and thus drive all of the dynamics in the model. The core idea of the model is that the arrival of one of these events (LO or MO) may cause a jump in each of the midprice, imbalance, and spread simultaneously (this corresponds to integrals being taken over three spacial dimensions in what follows). The distribution of each of these random jumps after an event is embedded in the compensators ν l , ν + , and ν − .
Market Orders: The number of market buy (sell) orders that have occurred up to time t is denoted by M + t (M − t ). These quantities are
Limit Order Events:
We are only concerned with an LO placement or cancellation if it causes the midprice, spread, or imbalance regime (defined below) to change. If we refer to these as Type 4 events, then with the description of other types as in Section 2.2 we have Type 3 ⊂ Type 4 ⊂ Type 2. We denote the number of Type 4 events as
Midprice: The midprice is modelled by the pure jump process
where the value of y 1 ∈ R represents the changes in midprice due to market activity.
Volume Imbalance: Rather than modelling the imbalance process ρ t directly, which can be rather noisy, we instead consider a finite state imbalance regime process Z t ∈ {1, . . . , n Z }. This process acts as an approximation, (and smoothing) to the true value of imbalance by dividing the interval [−1, 1] into n Z subintervals (labelled such that subinterval 1 corresponds to the largest negative values (i.e. the sell heavy regime), and n corresponds to the largest positive values (i.e. the buy heavy regime) and Z t = k corresponds to ρ t lying within subinterval k. The process Z t is given by
where the value of y 2 ∈ R represents the state of the imbalance regime process immediately following any market activity.
Spread: The spread between the best bid and best offer is modelled as a finite state process which takes values in {1, . . . , n ∆ } and is given by
where the value of y 3 ∈ R represents the value of the spread immediately following any market activity.
Properties of the doubly stochastic PRMs
The compensators of µ l , µ + , and µ − are denoted by ν l , ν + , and ν − and are chosen to be of the form
Furthermore, µ l , µ + , and µ − are independent conditional on (Z t , ∆ t ), specifically
where δ i,j is the Kronecker delta and where i and j are any of l, +, or −. This property ensures that any single change in S t , Z t , and ∆ t is a result of only one PRM. If the distributions F i Z,∆ are chosen to have support only on y 2 ∈ {1, . . . , n Z } and y 3 ∈ {1, . . . , n ∆ }, then from the definitions in (3) and (4) we have Z t ∈ {1, . . . , n Z } and ∆ t ∈ {1, . . . , n ∆ } with probability 1. Furthermore, (6), along with the factored form of the compensators, makes the vector process (Z t , ∆ t ) a continuous-time Markov chain. In the sequel it may occasionally be convenient to refer to the pair imbalance and spread as a single state in which case it is represented by J = (Z, ∆).
Proposition 1 (Generator of (Z t , ∆ t )). The generator matrix G of the process J t = (Z t , ∆ t ) is given by
for
Proof See Appendix A.1.
Finally, the distribution F l Z,∆ (dy) is chosen to have support only on the two hyperplanes y 1 = ± y 3 −∆ 2 . This is because if a single LO placement or cancellation causes the spread to change, then the midprice must also necessarily change by an amount which is exactly half of the change in the spread. We do not impose this constraint on F ± Z,∆ , even though the change in spread and midprice due to a single MO event must have the same relationship. The reason for not imposing this constraint is that immediately following an MO, there is an increase in the intensity of LO activity which has an effect on the spread and midprice. This extra LO activity (as depicted above in Figure 5 ) can be viewed as a result of the MO immediately prior, and so the changes in spread and midprice can be attributed to the MO arrival itself.
Agent's optimization problem
As discussed above, see for example Table 1 (and Table B .8 in Appendix), we observe that MOs hardly ever walk beyond the best quote -this is a common feature in large tick stocks. Thus, here we assume that the agent posts LOs only at-the-touch, i.e. the best bid or best ask. In reality, the agent has LOs posted at many prices in the LOB deeper than the best bid/ask so that if those prices were to become the best bid or ask in the future, the agent's orders at that time are closer to the front of the queue. This is also why we assume that the agent's LOs posted at the best bid or ask are always executed by an incoming MO. It is possible to generalize the results to account for a probability of being filled which is state dependent and less than 1, but the qualitative behavior of the optimal strategy does not change.
The agent begins with a certain amount of wealth x 0 which changes as MOs arrive and fill her LOs and her cash process X = (X t ) 0≤t≤T satisfies the SDE
where the processes γ ± = (γ ± t ) 0≤t≤T , which take on values 0 or 1, are the agent's controls for whether she is posting buy and/or sell orders. Recall that M ± t are the counting processes for market buy and sell orders.
As well, the agent's inventory q = (q t ) 0≤t≤T satisfies the SDE
The dynamics proposed above incorporate some implicit assumptions related to the agent's control processes (γ ± t ) 0≤t≤T . First, we do not include a feedback effect of the agent's orders into the dynamics of the LOB. In principle, this could be done by allowing λ i and F i (the intensity of order book events and distribution of subsequent price changes) to depend on γ ± . The form of the feedback controls given below and our method of numerically solving for them would be the same, and a feedback effect would not alter the qualitative behaviour of the optimal strategy. However, an empirical estimation of the magnitude of the feedback effect would be very difficult and beyond the scope of this paper.
Second, we have assumed that the fill probability of the agent's orders is equal to one. One possible approach to include random fills is to draw a Bernoulli variable at the time of each MO with a parameter that depends on other state variables (spread and imbalance). This modification would induce a lower effective λ + and λ − in the HJB equation given below. Once again, the method of solving the equation would be unchanged and the qualitative behavior would be similar to that which we show already. In one set of our historical simulations, we impose a fill probability less than one as a function of the state of imbalance. The results still show significant improvement of the trading strategy over the zero-intelligence case.
Finally, we assume that the agent has zero latency -market changes are followed by immediate repositioning of LO's. In reality, for an agent with colocated servers, a latency on the order of 10ms is not unrealistic. After estimating the intensity of MO's conditioned on each state of spread and imbalance, we see that typical arrival rates are slower than 1/10ms (see Appendix C.1 for parameters estimated from data).
We consider an agent who aims to find the strategy γ ± which maximizes expected terminal wealth subject to additional penalties. In particular, her value function is given by
where T is the terminal time of the strategy, (q T , ∆ T ) is a liquidation penalty, φ ≥ 0 is a running inventory penalty parameter, and A is the set of admissible strategies which are F t -predictable such that the inventory remains bounded between finite upper and lower bounds: Q ≤ q t ≤ Q. If q t = Q the agent does not post LOs on the sell side of the book, i.e. must choose γ + t = 0, and similarly, when q t = Q she chooses γ − t = 0.
The liquidation penalty (q, ∆): is increasing in q, its absolute value is increasing in ∆, and (0, ∆) = 0. This penalty reflects the costs from liquidating terminal inventory with a single MO (which may walk the LOB) and encourages the agent to implement a strategy where q T is close to 0.
The term φ T t q 2 u du represents a running inventory penalty which discourages the agent from holding non-zero inventory positions for significant lengths of time. The parameter φ can be used as a risk control by determining the strength of this penalty. A large value of φ makes the agent act in a more conservative manner by inducing the strategy to unwind positions, long or short, very quickly. See Guilbaud and Pham (2013) and Cartea and Jaimungal (2015) for similar inventory control terms, and Cartea et al. (2017) who show that this running penalty arises in the context of ambiguity aversion when the agent is not confident about the drift of the midprice.
Feedback control of the optimal strategy
To find the optimal strategy, consider the Hamilton-Jacobi-Bellman (HJB) equation associated with the value function H of the control problem (8)
subject to the terminal condition H(T, x, q, S, J ) = x + q (S − (q, ∆)). Here the operator D l acts as follows:
and the expectation operator conditional on J acts as
Similarly, the operators D ± γ ± are defined by
where we have suppressed explicit dependence on (t, x, q, S, J ) for easier readability. These have conditional expectation
Equation (10) We make the ansatz H(t, x, q, S, J ) = x + q S + h(t, q, J ) where each term carries the following interpretation: the cash position x, the book value of the shares which are marked-to-market at the midprice, and h(t, q, J ) which represents the extra value of optimally trading until the terminal date. Inserting this into the HJB (9), after a number of tedious computations, leads to a system of equations for h:
where
The terms Σ i (t, q, J ) represent the expected change in the value function due to state transitions. The terms i (J ) represent the expected midprice change after the arrival of an event. This identification, allows us to interpret the remaining contributions to equation (12).
Terms of the form q i (J ) represent the instantaneous expected change of the value of the agent's holdings due to market activity of type i (where i can be l, +, or −). If this product is positive, then the agent is in a state where her inventory holdings are expected to increase in value. If it is negative, then the current market state dictates her inventory holdings are expected to decrease in value. The terms −γ ± ± (J ) represent the immediate costs incurred due to adverse selection after having an LO filled (note that ± (J ) is generally positive according to Figure 4 and the signs of the PRMs in (2)). Finally, the terms γ ± ∆ 2 are the immediate profits made by the agent due to the arrival of an MO. Consequently, the relative sizes of ∆ 2 and ± (J ) are an important indicator of the agent's strategy. We discuss this point below when analyzing the optimal trading strategy.
Proposition 2 (Existence of solution). Equation (12) together with its terminal condition has a unique classical solution.
Proof See Appendix A.2.
Recall that the control processes are restricted to values of 0 or 1. From (12), the resulting optimal feedback controls are given by a simple comparison:
Due to the discrete nature of the controls, there is little hope of finding a closed-form solution for the value function, however, (12) can be easily solved numerically.
The form of the optimal controls in (13a) and (13b), together with some reasonable foresight about the qualitative behavior of the optimal strategy, reveals a simple rule of thumb. It is expected that for a fixed state of imbalance and spread, J , there is a boundary in the space of the variables (t, q) such that if q lies above (below) this boundary, then the agent optimally posts a limit sell (buy) order. The sign of ∆ 2 − ± (J ) plays a large part in determining whether this boundary lies above or below the curve q = 0. The terms Σ ± 1 (t, q, J ) and Σ ± 0 (t, q, J ) act as corrections based on the future liquidation penalty and running inventory penalty. If there is no inventory constraint or penalization, and the time to maturity is very large, the terms Σ ± 1 (t, q, J ) and Σ ± 0 (t, q, J ) are equal and the strategy is determined by the sign of ∆ 2 − ± (J ). This last expression is the expected amount of cash that the agent earns if the position is unwound at the midprice.
Theorem 3 (Verification Theorem). Let h be the solution to (12) and definê H(t, x, q, S, J ) = x + q S + h(t, q, J ). Then the candidate solutionĤ equals the value function H as defined in (8).
Proof See Appendix A.3.
Optimal Posting Strategy
To show a typical posting strategy, we select a model with 3 states in the volume imbalance regime process, and the stock trades with a spread of 1 or 2 ticks, i.e. n Z = 3 and n ∆ = 2. For a full set of parameters, see the Appendix C.1. These parameters result from the estimation procedure outlined in Section 4.1 when applied to 30 minutes of INTC data starting at 10:00 on January 24, 2014. Parameters of most interest are shown below. The components of these vectors represent states, J = (Z, ∆) with the following convention: the first three components correspond to ∆ = 1 and Z = 1, 2, 3. The last three components correspond to ∆ = 2 and Z = 1, 2, 3. These parameters indicate the intensity of MOs and expected midprice change immediately following an MO for each state. Intensities are displayed in units of second −1 and midprice changes are in ticks. Note that higher imbalance regimes (i.e. the book is tilted to the buy side) generally indicate a higher frequency of market buy orders and also larger expected (positive) midprice changes after buy MOs. High imbalance also indicates lower frequency of market sell orders and smaller jump sizes after sell orders. This is consistent with market behavior shown in Figures 3 and 4 . Figure 6 shows the optimal strategy corresponding to sell and buy LOs. In the top panel the spread is ∆ = 1 tick and in the bottom panel is ∆ = 2 ticks. In both panels, the light grey region corresponds to posting a limit sell order, the dark grey region a limit buy order, and the black region indicates an overlap where both a buy and sell order are posted. Finally, the white region indicates that no order should be placed in the book.
There are several features in this figure to note. As imbalance becomes more buyheavy, the buy (sell) region becomes larger (smaller) in anticipation of the asset price to increase. Limit sell orders become less desirable because they are more likely to incur immediate losses due to adverse selection. Any desire to sell the asset in a buy-heavy imbalance regime is due to the liquidation penalty, to be paid at time T , and the running penalty, which add up to a cost that outweighs the gains from trading in the direction of the expected increase in prices.
In both the buy-heavy and sell-heavy regimes, the boundary between the sell and no sell regions generally lies considerably above or below, respectively, the zero inventory level. Note that in the sell-heavy regime the boundary is significantly below the level of zero inventory. This is consistent with rule of thumb, discussed after Proposition 2, to sell the asset in the sell-heavy regime when ∆ 2 − + (J ) > 0 because the earnings of the half-spread are larger than the expected price increase immediately following the MO. Similarly, in the buy-heavy regime, the boundary is significantly above the zero inventory level. In this case it is usually not optimal to post a sell order because the gains from having the limit sell order filled are lower than the expected increase in midprice, ∆ 2 − + (J ) < 0. In this region the agent is better off not posting because on average she loses the half-spread she earns to adverse selection costs.
For a fixed imbalance regime, the sell region is larger for larger values of ∆. This implies that within a fixed imbalance regime, the agent is more willing to post orders when the spread is large. This does not always have to be the case, but for the particular set of parameters chosen note that ∆ 2 − + (J ) is larger for ∆ = 2 ticks than for ∆ = 1 tick.
Finally, the top panel of the figure shows two large no-trade regions in the sell-heavy and buy-heavy imbalance regimes. In these regions, the agent withdraws from the market. It is optimal to let current inventory appreciate in value because the expected future value of what the agent is holding outweighs the earnings from an additional trade net of any inventory costs (running penalty or terminal liquidation). The agent remains withdrawn from the market until the imbalance or spread change, or until the passage of time takes the strategy close enough to the terminal date T , so the future cost of having to cross the spread to liquidate outweighs the benefit of inventory appreciation. We also observe a small no-trade region in the neutral regime when inventory is close to zero and the strategy approaches the terminal date T .
Performance of Strategy on the Nasdaq Exchange
In this section we analyze the performance of the strategy on trade data from the Nasdaq exchange for INTC and ORCL. Our data set consists of all messages sent to Nasdaq's LOB during all trading days in 2014. We employ the first six months of data to calibrate model parameters and test the strategy's performance over the following six months. We assume that the agent's trading window is half-hour intervals. That is, the agent sets a horizon of 30 mins over which she trades and closes all positions at the end of the window. We record the PnL of the strategy for every half-hour and compute the Sharpe ratio for a range of values of the running inventory parameter φ.
The choice of a 30 minute trading horizon is arbitrary and may have an effect on the profitability of the strategy. Some stocks are more active than others over that window so the chances of making roundtrip trades varies, thus one could choose the trading window based on the arrival rate of MOs and the average of traded volume. Alternatively, it is possible to sow together the various 30 minute periods to create a strategy that trades all day long and only unwinds at the end of the day. Such a strategy should outperform the one presented here. Nonetheless, the approach taken here allows us to demonstrate the historical value of adding imbalance as a state variable, and also allows us to generate many return periods from which we can compute meaningful estimates of returns and variability of returns.
We organize the rest of this section as follows. In Subsection 4.1 we show how the model parameters are estimated. In Subsection 4.2 we discuss how to forecast and update the model parameters which are used in the execution of the out-of-sample strategy. Finally, in Subsection 4.3 we present the out-of-sample performance of the strategy.
Estimating Model Parameters
To compute the optimal trading strategy, we solve (12) and then use (13a) and (13b) to find in which regions LOs are posted. To solve these equations we do not require all model parameters. Rather, for each Z and ∆ and each i = +, −, l, we only require the quantities λ i (J ), i (J ) = y 1 ,y 2 ,y 3 y 1 F i J (y 1 , y 2 , y 3 ), and T i J,K = y 1 F i J (y 1 , K). The value of λ i (J ) is the rate at which an event of type i occurs when the current imbalance and spread are equal to Z and ∆ respectively, recall that J = (Z, ∆). The value of i (J ) is the expected change in midprice immediately after an event of type i when the event occurs in state J . Finally, the value of T i J,K is the probability of transitioning from state J to state K after an event of type i. The sum over y 1 represents averaging out all possible midprice changes so the remaining quantity represents transitions between imbalance and spread only.
Estimating the model parameters over a time window is a straightforward procedure. Moreover, to ensure that the model does not contain any long term speculation based on the average growth of the asset midprice, we impose symmetry constraints between complementary states of imbalance. For example if rate of arrival of buy MOs is higher than arrival of sell MOs then a long term strategy is to buy and hold the asset because the model predicts that in the long term prices will increase.
The complementary imbalance state of Z is defined to be Z = n Z − Z + 1. We also use the short-hand notation J = ( Z, ∆). The constraints we impose are the following:
We remark that we impose this symmetry to preclude long term speculation strategies and acknowledge that many high-frequency trading strategies are designed to benefit from short-lived trends in the midprice. There is no contradiction in a model where the long term growth of the midprice is symmetric as discussed here, but also exhibits short term deviations around the midprice's long term trend. For example there are models that 'seek alpha', see Cartea et al. (2014) , and models that take advantage of how innovations in order flow affect the trend in prices, see for instance ?, ?.
Let N i J denote the number of events of type i that occurred from 0 to T when the imbalance and spread are equal to J . Also let τ J be the total occupation time of state J so that J τ J = T . Then λ i (J ) is estimated bŷ Finally, let N i J,K be the number of times that the state transitions from J to K. Then
Note that these quantities satisfy (14a) to (14f). These are also the expressions that result from a maximum likelihood estimation with the constraints imposed (see Donnelly (2014) ). The parameters used in the numerical example of the previous section were obtained through this procedure, and so by construction they satisfy the constraints which results in the symmetry between buy and sell regions seen in Figure 6 .
Forecasting Model Parameters
Testing the trading strategy on out-of-sample data requires forecasts of model parameters for each half-hour interval based on the estimated parameters from previous intervals -recall that the trading horizon is T = 30 mins. We begin by labelling each interval according to the day of the year and the time of day in which it takes place. The data consist of all the messages sent to the Nasdaq exchange in all trading days in 2014, giving a total of 249 days consisting of 13 half-hour intervals, i.e. T = 30 mins, in each trading day. We identify each interval as the pair (m, n) where m denotes the day in the year and n denotes the half-hour of the day, thus m ∈ {1, . . . , 249} and n ∈ {1, . . . , 13}.
We employ the first 6 months of data, i.e. the first 124 days, to calibrate all model parameters for each half hour in the day. These parameter estimates are used to develop a predictive model so that model parameters in a given 30 minute period (over which we aim to backtest out-of-sample) are estimated from the data we already observed in the last 30 minute period. We do this in two stages described in detail below.
Let λ i m,n = (λ i m,n (1), . . . , λ i m,n (n Z,∆ )) and i m,n = ( i m,n (1), . . . , i m,n (n Z,∆ )) , where n Z,∆ = n Z × n ∆ , and is the transpose operation. In the first stage, for each trading period in the first six months of the year, January to June (m = 1, . . . , 124), we estimate all of the model parametersλ i m,n andˆ i m,n . Thus, we have in-sample estimates of the model parameters (for the first 6 months), and a different model for each day and each trading period.
In Figures 7 and 8 we show motivation for the forecasting method we propose below. When calibrating the model parameters over each 30 minute period, we observe a well known intraday seasonality effect. Figure 7 shows the arrival intensity of MOs, conditional on the imbalance regime, which is generally higher at the beginning and end of the day giving a characteristic 'U' shape. Moreover, Figure 8 shows the size of midprice changes following an MO. The pattern is generally high at the beginning of the day and low at the end of the day giving a characteristic 'S' shape.
In the second stage, we assume a factor model that relates the parameters of one trading interval n to the parameters of the previous trading interval n − 1 on the same day m: 
where α λ i n , α i n ∈ R n Z,∆ , β λ i n , β i n ∈ R n Z,∆ ×n Z,∆ , and all of the idiosyncratic error terms ε λ i m,n and ε i m,n are independent with mean zero.
Using the model parameters estimated in-sample for the first 6 months, we then perform a multilinear regression to obtain the estimatesα λ i n andα i n , and the factor loadingsβ λ i n andβ i n .
To test the strategy's performance, the next step is to forecast the parameters that are used in the out-of-sample period. For day m we employ the data in the first 30 minute period (i.e. n = 1 which is the first half hour of the day) to estimate the model parametersλ i m,1 andˆ i m,1 , but do not trade over this first half-hour of the day. We then use the regression model to predict the model parameters for the next period (in which we trade). Denote these forecasts by λ i m,2 and i m,2 , which are the parameters used to formulate the trading strategy over the second 30 minute period. After the second 30 minute period has passed, we use the observed data for the second period to estimatê λ i m,2 andˆ i m,2 , and once again use the regression model to forecast the parameters of the third period (over which we trade), and so on. Succinctly, we use the estimates resulting We do not perform this type of regression and forecasting for the transition probabilities T i J,K,m,n because numerical investigation has shown that the trading strategy depends much more heavily on i and λ i . Instead, the value of T i J,K,m,n is set equal to the mean of T i J,K,m,n taken over all m ∈ {1, . . . , 124}.
Out-of-sample Performance of Trading Strategy
Now that we have a recursive method to forecast model parameters for the interval (m, n), based on the parameters of interval (m, n − 1), we test the out-of-sample performance of the trading strategy for all days in July to December 2014. Our forecast 1 Although we are able to use our forecasting method to obtain parameters for n = 13, we do not test the trading strategy in the last 30 minute interval as market behaviour is notably different towards the end of the day.
2 After computing the forecast of λ i m,n it is possible we obtain a negative value. In this case, we set λ i m,n = 10 −2 . We do not set it equal to zero because we do not want to impose that a state is absorbing. We also impose a maximum value on each λ i m,n of 10. This is solely for purposes of numerical stability when solving equation (12) and does not have a significant qualitative impact on the resulting optimal strategy. method does not allow us to test the strategy in the first half-hour of each day, and we also exclude testing in the last half-hour of each day as market behavior is notably different towards the end of the trading day. This leaves us with a total of 1375 half-hour intervals to perform an out-of-sample test of the strategy. At the end of each half-hour trading period, any non-zero inventory is liquidated by crossing the spread, consistent with the use of the penalty term (q, ∆) = sign(q) ∆ 2 , which assumes that there is enough liquidity at the best quote to fill the agent's MO.
Here we fix the maximum inventory constraint at Q = −Q = 50 and choose a range of values of the running penalty parameter φ to see how it affects the PnL. Moreover, we examine how the strategy performs when volume imbalance is modelled assuming n Z = 1, 3, 5 states, and fixing n ∆ = 2. Recall that volume imbalance ρ t ∈ [−1, 1] and that this is divided into n Z subintervals, and n ∆ is the grid on which the spread lives. When n Z = 1 there is only one volume imbalance state and the midprice can either be in a state where the spread is one or two ticks. The case n Z = 1 can also be considered a benchmark in addition to the zero-intelligence strategy. Comparing the performance of the strategies with n Z = 3 and n Z = 5 reveals the significance of observing imbalance. Figure 9 shows the annualized mean PnL versus annualized standard deviation of the resulting wealth over all trading intervals for INTC (left panel) and ORCL (right panel). As expected, the worst performance is when n Z = 1 and the results for n Z equal to 3 and 5 are approximately the same. For both stocks we observe that increasing the value of the running penalty parameter φ increases the performance of the strategy: expected PnL increases and its standard deviation decreases. Figure 10 shows another perspective of the results. It depicts the Sharpe ratio of the strategy as a function of the parameter φ, and the risk-free rate is zero. We observe that as the agent enforces stricter controls on inventory by increasing φ, the Sharpe ratio of the strategy also increases.
The results in Figures 9 and 10 should be compared to those of the zero-intelligence strategy. It is clear that employing the information impounded in the volume imbalance process, i.e. MO arrival and price innovations, considerably boosts the profits of an investment strategy based on roundtrip trades. The sources of the profits stem from protecting the strategy from adverse selection costs, and positioning the LOs to take advantage of price movements. In addition, we also observe that imposing a running inventory penalty enhances the profitability of the strategy as in Guilbaud and Pham (2013) and Cartea and Jaimungal (2015) .
In Table 2 we show the annualized Sharpe ratio for the zero-intelligence strategy when applied to a set of large tick stocks for various values of the inventory constraint Q (these results take place under Scenario 1 as discussed in Section 2.1). These values show similar behaviour to what is seen in Figure 1 indicating the failure to make positive profits through roundtrip trades when always posting LOs on both sides of the LOB.
In contrast, Tables 3, 4, and 5 show the annualized Sharpe ratio over the same set of equities when employing our strategy with volume imbalance and spread information.
The results are for n Z = 1, 3, 5, and the spread is 1 or 2 ticks, i.e. n ∆ = 2. We observe a large boost in performance across the board. The results in Table 3 do not incorporate observations of imbalance in the strategy since n Z = 1, but executions are dependent on the spread. This explains the relatively poor performance when compared to the results in Tables 4 and 5 . Further, the Sharpe ratio generally increases with an increase in the running inventory parameter φ. Inventory Penalty Parameter φ 0 10 −7 2 · 10 −7 4 · 10 −7 10 −6 2 · 10 −6 4 · 10 −6 10 −5 AA -3.78 -6.42 -5.93 -5.06 -3.68 -0.71 3.00 8.75 AMAT -6. Table 3 : Annualized Sharpe ratio of trading strategies based on various values of φ, the number of imbalance states here is n Z = 1 and n ∆ = 2 and the maximum inventory constraint is Q = 50.
Inventory Penalty Parameter φ 0 10 −7 2 · 10 −7 4 · 10 −7 10 −6 2 · 10 −6 4 · 10 −6 10 −5 Table 4 : Annualized Sharpe ratio of trading strategies based on various values of φ, the number of imbalance states here is n Z = 3 and n ∆ = 2 and the maximum inventory constraint is Q = 50.
Inventory Penalty Parameter φ 0 10 −7 2 · 10 −7 4 · 10 −7 10 −6 2 · 10 −6 4 · 10 −6 10 −5 Table 5 : Annualized Sharpe ratio of trading strategies based on various values of φ, the number of imbalance states here is n Z = 5 and n ∆ = 2 and the maximum inventory constraint is Q = 50.
So far the strategy assumes that the agent's LOs are always at the front of the queue. This assumption is unrealistic and introduces a bias in the profitability of the trading strategy. We address this issue by assigning a fill probability to the LOs. This probability is estimated for each stock separately based on trade data from January 2014 (first and last 30 minutes of data removed from each day). Let N ± Z be the number of market buy (+) and sell (-) orders during this time period which occurred when the imbalance regime is equal to Z. Also let E ± Z be the number of these market orders which are large enough to fill the entire first price queue. Then fill probabilities are assigned as
This definition imposes the symmetry condition p + Z = p − Z .
The resulting probabilities for the sell side of the LOB (p + Z ) and n Z = 5 are shown in Table 6 . In the case of EBAY for example, if ρ ∈ − 1 5 , 1 5 indicating a neutral market in which Z = 3, then the agent's LO is filled with probability p + 3 = p − 3 = 0.28. If ρ ∈ 1 5 , 3 Table 6 : Proportion of MOs that fill entire first ask queue in January 2014. These quantities are interpreted as minimal fill probabilities for an LO posted based on the imbalance regime at the time of the order.
These probabilities are implemented within the historical backtest by drawing a Bernoulli random variable with appropriate success probability at the time of each MO. If this variable is equal to 0, then the MO does not fill the agent's LO. Since these quantities as computed correspond to MOs which fill the entire best price queue, they underestimate the true probability of an LO being filled. These probabilities are only accurate if the LO is at the back of the queue and any position closer to the front would have a larger probability of fill.
The resulting Sharpe ratios of the strategy with n Z = 5 are shown in Table 7 . As expected, the Sharpe ratios of the strategy are lower than those shown in Table 5 , where the only difference is the fill rates, but the ratios are still considerable higher than those obtained with the zero-intelligence strategy. We consider this reported performance of the strategy to be a pessimistic view due to the minimal nature of the fill probability estimation, while the true performance should fall somewhere between that of Table 5 and Table 7 .
Inventory Penalty Parameter φ 0 10 −7 2 · 10 −7 4 · 10 −7 10 −6 2 · 10 −6 4 · 10 −6 10 −5 AA Table 7 : Annualized Sharpe ratio of trading strategies with modified fill probabilities depending on the level of imbalance. The trading strategy here is based on a number of imbalance states equal to n Z = 5 and n ∆ = 2 and the maximum inventory constraint is Q = 50.
We finish this section by adding a few remarks about the strategy's performance. First, for the purposes of this historical test, and indeed for the entire optimization problem as stated, here we focused on an agent who utilizes LOs on both sides of the market. The performance of the strategy is expected to improve if the agent also uses MOs to take advantage of price innovations which are anticipated by the volume imbalance process. Moreover, the use of volume imbalance can be implemented in a vast range of other optimal execution problems. For example, algorithms to acquire/liquidate a large number of shares, as well as 'Pairs Trading' algorithms.
Finally, we acknowledge that measures based on the volume of shares resting in the LOB, or number of LOs in the LOB, may be subject to manipulation. In most equity markets it is costless to cancel or amend an LO and although illegal, market participants may artificially tilt the LOB by submitting LOs on one side of the book, only to withdraw them quickly enough whilst taking advantage of traders that employ strategies like the one described, and those suggested, in this paper. This illegal activity is commonly referred to as 'spoofing' and very difficult to detect in modern electronic exchanges where a large number of market participants employ different trading strategies and some can trade at extremely low latencies. In the particular cases discussed here, one cannot tell if throughout 2014 the stocks we study are subject to spoofing at any point in time. Even if this is the case, the statistical properties of volume imbalance as a predictor of MO activity and price innovations seem robust to this manipulation of LOs which would certainly erode the predictive power of volume imbalance.
Conclusions
We employ message data from the Nasdaq exchange to build a measure of volume imbalance and show that it predicts type of MO arrival (buy or sell) as well as predict price innovations. This measure captures buying and selling pressure in the LOB. In particular we show that when the LOB is buy-heavy the probability of the next MO being a buy order is much higher than it being a sell order. Moreover, we also show that when the LOB is buy-heavy, price revisions after MO arrival are on average large and positive, i.e. larger than the average price revision seen when the LOB is neither buy-heavy nor sell-heavy. We observe the same empirical behavior when the book is sell-heavy. This relationship between volume imbalance and market order activity is consistent across a large sample of Nasdaq stocks we examined.
This measure is simple to build and can be employed by a wide range of trading algorithms. A clear effect of using this information in a trading model is to reduce adverse selection costs and to take advantage of favorable price movements.
As an example of an algorithmic trading strategy we solve an optimal investment problem of an agent who provides liquidity to the LOB. The agent's objective is to maximize expected terminal wealth by completing roundtrip trades whilst penalizing inventory positions. We use trade data to show the out-of-sample performance of the strategy during the period 1 July to 31 December 2014. We demonstrate that including the volume imbalance process considerably boosts the strategy's process and the Sharpe ratio of the strategy is considerable higher than that obtained by most models proposed in the literature, i.e. Avellaneda and Stoikov (2008) , Guéant et al. (2012) , Fodra and Labadie (2012) , Cartea and Jaimungal (2015) , and Cartea et al. (2017) .
Appendix A. Proofs
we have that f satisfies the following equation
Letting [f (t)] J = f (t, J ) and using the matrix G introduced in the proposition, the matrix form of this equation is
which has solution f (t) = e G(T −t) Φ .
If Φ(J ) is defined as the indicator function for a particular state J 0 , then f (t) is a vector of transition probabilities to state J 0 from each arbitrary state J over a time of T − t. This is the same expression which dictates transition probabilities for a continuous time Markov chain with generator matrix G.
Appendix A.2. Proof of Proposition 2
Proof of Proposition 2 Consider h to be a vector valued function of t, where the components are indexed by (q, J ). Then equation (12) can be written in the form:
where F is a vector valued function of a vector argument. Component (q, J ) of F is Each component of F is a piecewise linear function of h, the coefficients depending on the four possible regions corresponding to which terms in (A.1) achieve the maxima. Since inventory, imbalance, and spread are all bounded, there are a finite number of components in F and the total number of regions for which the coefficients of linear dependence are different is also finite. Therefore, F is globally Lipschitz with linear growth, and equation (12) has a unique classical solution.
Appendix B. Market Behavior Across Equities
In this section we show that several equities demonstrate the same behavior which is illustrated in Table 1 and Figures 3 and 4. We begin with Table B .8 which shows how many market orders are filled only at the best posted price versus how many walk through more than one full level of the book. We see that GOOG has the smallest percentage or orders remaining strictly within the best price at 91.6%, but this number is often higher than 99%. Generally, stocks that can be considered large tick exhibit a larger percentage of trades strictly within the best price. Table B .9 shows the average trade intensities for buy and sell market orders depending on the state of volume imbalance. Generally we see that the frequency of buy (sell) orders increases as imbalance becomes more buy-heavy (sell-heavy).
Finally, in Table B .10 we show the average midprice change 10 ms after an MO that occurred within each state of imbalance. Once again we see a clear tendency for the midprice change to have a larger (smaller) magnitude after a market buy (sell) order when imbalance is more buy-heavy. Due to the form of equation (12), the full form of each compensator is not required. Rather, we only require λ i (J ), i (J ) = y 1 ,K y 1 F i J (y 1 , K), and T i J,K = y 1 F i J (y 1 , K). 
